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Fig.2 Grid distribution for a channel with cavity (38 X 20), generated
by proposed method starting from the lower and top boundaries, where
the angle smoother (w, = 0.9) is-applied twice. i
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Fig.3 Grid distribution in a 60-deg sector (20 X 20), generated by the
proposed method starting from all of the boundaries, where the angle
smoother (w, = 0.9) is applied three times.

the entire domain, and the convex and concave corners along the
bottom boundary do not cause any trouble.

The second example for a region with enclosed boundaries is a
60-deg sector region. The result of the proposed method with the
angle smoother applied three times (w, = 0.9) is shown in Fig. 3
(20 x 20), where approximate grid orthogonality is preserved very
well in the interior region. In the region around the flattened corner,
the angle smoother makes the grid line incline to the flattened corner
so that the resulting grid is smoothly distributed.

Conclusions

Cordova and Barth’s grid generation method solving the hyper-
bolic partial differential equation is successfully extended to prob-
lems with enclosed boundaries. The open boundary constraint is par-
tially removed by properly prescribing the unknown grid level via
a simple algebraic grid generator equipped with the angle smoother
and using corrections from the side boundaries. Several examples
show that the proposed method preserves approximate grid orthog-
onality around all of the desired boundaries and provides smooth
grid distribution over the entire domain.
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Calculation of Interlaminar
Stresses in Laminated Plates
Using Walsh Transforms

Martin Crane* and J. T. Boyle'
University of Strathclyde,
Glasgow G1 1XQ, Scotland, United Kingdom

Nomenclature
A, B, D = extensional/extensional, extensional/bending and
bending/bending coupling terms, respectively
Bm " = mth order Walsh operational matrix for
differentiation, H, (;11)
C; = Walsh coefficients
F = two-dimensional matrix of Walsh coefficients, fi;
Hy = mth order Walsh operational matrix for integration
= plate thickness
l = plate span in x direction
M* = kth laminar moment resultants
N* = kth laminar stress resultants
:.‘]. = kth laminar transformed reduced stiffnesses
u, v, w = displacements in x, y, z directions, respectively
Wimy = mth-order Walsh transform matrix
€ = strains
K = curvatures
] = normal stresses
T ) = shear stresses
D = vector of ¢; functions fori =1,...,m
¢; (x) = ith-one-dimensional Walsh function in x

I. Introduction

INCE their development in 1923 by Walsh,' Walsh functions -
have found wide applications in the field of engineering compu-
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Fig.1 Exploded view of a composite plate.

tation. In the past two decades, Walsh functions and transforms have
been used in the numerical solution of many engineering problems
(for example, see Refs. 2 and 3). Compared to this, the amount of
attention devoted to the development of Walsh operational matrices
for differentiation and integration is quite small indeed. LeVan et al.*
originated the idea of such matrices for integration purposes, and
this was extended by Sannuti® and Chen et al.® In this Note we fur-
ther extend the use of operational matrices for differentiation to the
calculation of the partial derivatives necessary for the determination
of interlaminar stresses in laminates.

When a composite plate (such as that shown in exploded view in
Fig. 1) is put in a state of stress, interlaminar stresses are induced
that can often lead to catastrophic failure of the composite. It is ob-
viously essential to know the location and extent of these stresses
if composite materials are to be widely used in practice. As the
interlaminar stresses can only be computed exactly when exact an-
alytical solutions of the equilibrium equations of three-dimensional
elasticity are available, approximate solutions must be relied on for
the most part. To date, the majority of such approximate solutions
to this problem have taken the form of so-called recontinuization
involving interpolation of the displacement data from a finite ele-
ment package. The purpose of this process is to improve the accu-
racy of the derivative results from the finite element displacement

data. Byun and Kapania” (in addition to a bibliography on the prob- .

lem) give examples using Chebyshev polynomials and a class of
orthogonal polynomials (which can be generated for a given loca-
tion of known data points) as these interpolation polynomials. In our
Note, values for the interlaminar stresses calculated using a method
based on Walsh transforms are compared with those from classical
laminated plate theory (CPT) in a typical problem. This approach
would allow enhanced postprocessing from conventional finite ele-
ment CPT analysis if more advanced laminated plate elements were
unavailable.

II. Walsh Operational Matrices

As has already been remarked, Walsh functions have been used
extensively in the solution of differential equations. Corrington? set
out the first 16 Walsh functions and the so-called Rademacher func-
tions (sequency ordered rectangular orthonormal functions) from
which they may be derived.

The Walsh approximation of an absolutely integrable function
g(t) for 0 < ¢ < 1 can be written as

gny~ Y | Cih(0) o
i=0

where

1 .
o =/ g (2) dt
0

As with any set of orthogonal polynomials Walsh functions may
be used to approximate an arbitrary function in two dimensions as
follows:

fx, = Q&)(X)F‘I’(n)(y) (2)

where m and n are the order of the Walsh functions in the x and y

directions, respectively,

B () (1) = [p1(X)P2(x) - - - Py (0)]T
2 () = [D1(M () - g OI”

Joo Jor e Jonat
Jio f11v oo St

F =
Sm-1,0 fm—l,l SRR /S

with
11
fij=/ / @(x) f (x, y)éi (¥) dx dy
o Jo

One of the interesting properties of Walsh functions is that (since
the integral of a Walsh function may be expressed as a Walsh series)
a matrix may be derived for the integration process. The Walsh
matrix for integration of m values in the time domain may be shown
(cf. Ahner®) to be

1
! 1
10 % 1
Hipy = — 2
m m
0 0 L

The inverse of the H matrix with m = 4 here has been shown (cf.

~ Chen et al.5) to be
3 -1 1 -1
Boy—dm| 0 * L1 3)
m) = 4
) 0o 0 1 (
0 0 o 4

which is the order four Walsh operational matrix for differentiation.

Given a set of discrete functional values P; ; where the x value
varies with the row and the y value with the column, derivatives can
be evaluated in the following way:

3 .
’a;Pij = Pijx N Bi)Pm xny @
d T
a_);'Pij =Pijy = P B, @)
32
ml’ ii = Pijxy % BnyPm xnyBly x ny ©

and so forth. :

Note that Walsh differential operators do not infallibly produce
the derivative values of the matrix of values on which they are em-
ployed. As with all differencing schemes, numerical instabilities
can be and are often produced in the differentiation process. These
instabilities.may be removed from the derivative matrix by a simple

“
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averaging process that may be automatically carried out after each

derivative is calculated. This averaging involves taking a simple .

mean of four derivative matrix entries (¢, j), (¢, j + 1), (( + 1, j),
and ({ +1,j+ 1) (fori = 1,n — 1 in steps of 2). This eliminates
the errors incurred in all circumstances at the cost of a reduction
in the number of data points available by a factor of two. In ad-
dition, there is the minor problem that the method described for
the evaluation of derivatives requires the values for the functional
data to be available at certain point, the Walsh points. This need
not be a problem, however, as the finite element displacement data
may be interpolated using a variety of procedures (we found that
the one described by Comlekci® was optimal) to give the requisite
data.

IIl. Interlaminar Traction Equations

As already remarked, one of the motivations for the derivation of
the given operational matrices is in the calculation of the interlami-
nar tractions (z¥,, t¥,, o) (i.e., o, refers to the normal stress under
the first layer). Walsh functions and transforms have been used very
successfully in the past for problems involving nonlinear terms be-
cause the product of two Walsh functions is also a Walsh function
(cf. Corrington?). As the interlaminar tractions are calculated from
the equilibrium equations that contain nonlinear terms, this would
seem to suggest that the use of a method based on Walsh function
is appropriate. It has been shown by Byun and Kapania’ that in the
case of the symmetric laminated plate problem these tractions are
related to the nodal displacements (i, v, w) by the following rela-
tions (derived from the three-dimensional elasticity equations with
nonlinear terms retained):

o =1, - (Zk: Z m) )

=1 =1

s (fege) o

i1=1 I=1

Ozkz+1 (Z xxx"‘ZZMiyxy'*'Z yyy)

=1 =1 =1

) <w'xx Xk: N; + 2w Xk: Noy & Wy i Ni)

1=1 =1 =1

—zk+1(z m+22 Ly Z yyy) ©)

=1 =1 =1
In Eq. (9) the lamina stress resultants N¥ are given by

NF = Z [(zm - Zk)Q,, it (Ziﬂ - ZI%) Q_:‘cj’cj:l

j

i,j=1,2,6 (10)

and the lamina moment resultants MF are given by -

1 -
Mzk = Z [E(lec-)-l - zlzc) ij€j it (Zk'H )Q;cjlc]]

j

i, j=1,2,6 (1)

where z; is the z value at the kth layer and Q:‘] are the transformed.

reduced stiffnesses of the kth layer.

The strains €? are related to the displacements (, v, w) by the
following well- l’mown relations:

0 _ 1.2

€ =uy+zw,

0 __ 1,2

62 - v,)’ + Ew.y (12)
=u,+v,+w,w
¢ — Uy X xW,y

and, similarly, the curvatures «;,

Kl = —W xx
K = —w,, (13)
K¢ — —2w,xy

IV. Implementing the Interlaminar Stress Equations

A program has been written that calculates the interlaminar
stresses cr"“ from Eq. (9). Because a large part of the computa-
tion in the program is taken up with calculation derivatives and
because the order of the derivatives that must be computed is high,
itis necessary 1) to have a reasonably large number of displacement
data points r to start with (n will be reduced to n/16 by the end
of the differentiation process as fourth-order derivatives have to be
calculated) and 2) to make the differentiation process as efficient as
possible in terms of computation expense.

As the displacement data is input in vector form (i, v, w), it is
necessary to transform this into array format (u;;, v;;, w;;) wherei =
1,...,n,j=1,..., m. Thesesubscripts will be omitted henceforth
for clarity.

In this way, as has been shown, the Walsh approximation to the
strain equations (13) .

€} = Beyu + %(‘B(n)w)2
&) = vB, + 1(wB],)’ (14
€§ = uB[,) + Buyv + (Beyw) (“’B(Tm_))

where the products and square terms are evaluated term by term. In
the same way, the curvatures

K1 = —B(,,)B(,,)w

K2 = —wB(, Bl (15)
— T

Kg = —ZB(m)wB(m)

Having thus calculated the strains and curvatures, the k individual
lamina stress and moment resultants N} and M* may be found in
a straightforward manner from Eqgs. (10) and (11), respectively. To
find the remaining terms in Eq. (9) it is necessary to take derivatives
of these layer resultant matrices N" and M" and to multiply out
term-by-term the values of w;; by N ¥ The individual summation
terms that make up Eq. (9) can now be found by summing over the
constituent layers.

V. Numerical Results from Sample Problems

To ascertain the accuracy of the method described for finding
interlaminar stresses in composite materials, values for z,, and o,,
are calculated for the case of cylindrical bending of a number of
sample composite plates. The cylindrical bending problem is cho-
sen because there is data available from a number of sources, and
this data may be checked against CPT and elasticity solutions. The
cylindrical bending problem has been examined by, among others,
Pagano'® and Pagano and Hatfield.!! For ease of comparison we cite
the results of Gaudenzi et al.'?

The cases covered in this section are 1) unidirectional plate with
fibers oriented in the x direction, 2) unsymmetrical composite plate
(0/90 deg) with two layers of equal thickness, and 3) symmetrical
composite plate (0/90/0 deg) with layers of equal thickness.
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Table 1 Values of 7y, and o, for a single layer plate

Txz Ozz
z/h CLT? 64-pt Walsh % error CLT!Z  64-pt Walsh % error
-05 0 —_ S 0 — _
—-03 122231 1.22214 1.4x 1072 0.104 0.10394 5.4 x 1072
—0.1  1.83346 1.83322 13x 1072 0352 0.3518 5.6 x 1072
0.1  1.83346 1.83322 1.3x 1072 0.648 0.64765 5.4 x 1072
03 1.22231 1.22214 1.4x1072  0.89 0.8955 5.6 x 1072
0.5 0 —1.5 x 10716 S 1 0.999466 5.3 x 1072
Table 2 Values of 7x; and o, for a tweo-layer 0/90 deg plate
Txz Ozz
z/h CLT!2 64-pt Walsh % error CLT"2 64-pt Walsh % error
—-05 0 S S 0 -_ _
—04 1.75811 1.78448 15 0.07426 0.07537 1.47
—03 2.71856 2.75503 1.3 0.25528 0.25889 1.4
—0.2 2.88135 2.91165 1.0 0.48041 0.48666 13
—-0.1 2.24649 225434 0.35 0.687 0.69477 1.1
0.0 0.81398 0.783079 —42 0.8124 0.81933 0.85
0.5 0 49 x 104 _ 1 0.9997 -
Table 3 = Values of 7y, and o, for a three-layer 0/90/0 deg plate
Txz Ozz
z/h CLT!2  64-pt Walsh % error CLT!2  64-pt Walsh % exror
-05 0 N — 0 S S
~0367 0915234 0915184  —5.0x10~3  0.05038 005035 —5.0x1072
—0.167 1.76007 1.760006 - —3.6 x 1073  0.26879 026867 —4.5x1072
0.167 1.76007 1760006 —3.6x 1073 0731209 073079 —5.7x 1072
0367 0915234 0915184 —50x 1073 0949621 094911 —55x102
0.5 0 7.6 x 1070 J— 1 0.999486 —5.1 x 1072
. The laminate concerned is assumed to be simply supported at V1. Conclusions

x = 0 and x = [, of infinite length and subjected to a sinusoidal
load across the span of g = go sin(rx/!) applied at z = h/2. For
the purposes of postprocessing, it is assumed that the response to
this load would be '

ulx) = (BqO/Fp3) oS px, w(x) = (Aqo/Fp“) sin px

where

n/2

(A,B,D)= 0i,(1,z,7z%) dz
—h/2

F=AD-B? and

For all of the cases, the following layer elastic constants apply:

El/E2=25, Glz/E2=0.5

G22/E2 =0.2, Vipg =Vpp = 0.25

and the following dimensionless ratios are used:

p=I1/h, Tz = Taz/q0, Oz = 0/ q0

The numerical results for the values of the interlaminar normal
and shear stresses for the three examples described are shown in
Tables 1-3. It can be seen from these tables that the values for the
stresses calculated using the Walsh transform method correspond
very well with those predicted by classical plate theory (as tabulated
by Gaudenzi et al.!> The values for those cases in which there is
symmetry about the central axis (cases 1 and 3) are better than the
asymmetrical case, indicating perhaps that including the coupling
term between bending and deflection causes further inaccuracies in
the calculation. i

The Walsh differential operator approach has much to recom-
mend it from the point of view of computational efficiency over
other standard methods for determining the interlaminar tractions
from finite element displacement data as may be seen from the sim-
plicity of the Fortran routine and the ease with which the nonlinear
traction terms may be modeled. The agreement between the Walsh
transform method results and those from classical lamination theory
has been demonstrated to be excellent for several types of laminates
in cylindrical bending.
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Iterative Calculation of the
Transverse Shear
Distribution in Laminated
Composite Beams

J. A. Zapfe* and G. A. Lesieutre!
Pennsylvania State University,
University Park, Pennsylvania 16802

Introduction

LASSICAL lamination theory (CLT) can often be used to ac-

curately predict the stress distribution in beams fabricated from
composite materials. However, when the beam is short or when it
contains shear soft materials, nonclassical effects such as transverse
shear deformation must be considered. One group of beam models
that account for transverse shear deformation is known as smeared
laminate models (SLMs). SLMs assume a form of the displace-
ment field through the entire thickness of the beam and result in
a set of equivalent properties (like the [A], [B], and [D] matrices
in CLT) that are used to determine the gross behavior of the beam
(e.g., deflection and natural frequency). SLMs that have been pre-
sented in the literature lead to constant shear strain, quadratic shear
strain, constant shear stress, and quadratic shear stress.!~® The limi-
tation of smeared laminate models, when applied to general laminate
configurations, is the inherent assumption about the stress distribu-
tion that follows from the assumption of the displacement field. If
the assumed stress distribution is not representative of the actual
stress field, then the smeared laminate model can be significantly in
error.

The first SLM that could accurately predict the stress distribution
in general laminates was presented by Vijayakumar and Krishna
Murty.” The authors used an iterative process to successively refine
the estimate of the stress/strain field in the laminate. Vijayakumar
and Krishna Murty’s method produced excellent results when com-
pared with exact solutions. The present SLM is also an iterative
method, but unlike Vijayakumar and Kirshna Murty’s method, the
present model uses the assumed displacement approach of a tradi-
tional SLM.

Basic Theory

Consider a beam in which x and u are the in-plane coordinate
and displacement, z and w are the transverse coordinate and dis-
placement, and 4, and A; locate the upper and lower surfaces of
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the beam. The assumed displacement field over the domain of the
beam is

)
o fegx) )

w(x, z2) = wlx)

u(x,z) =up(x) —z

The first two terms in the in-plane displacement expression define
the CLT displacement field for a beam. The last term, f(z)g(x), can
be thought of as a correction to account for transverse shear effects.
The function f(z) represents the shape of the correction through the
thickness, whereas g(x) determines its distribution along the beam.
The goal of the iterative process is the determination of the function

- f(z) that makes the stresses and strains self-consistent.

The strain field provides more insight into the nature of the
function f(z). Applying the linear strain-displacement relat10ns to
Eq. (1) yields

du  duy  dw

Ex(X,Z)——‘a:E— %2 + flz )—‘

Bu Jw 9 f
T T g( x)
From Eq. (2), it can be seen that the gradlent df/dz represents the
shape of the shear strain field through the thickness at a given x lo-
cation. Therefore, if the shape of the shear strain is known, f (z) can
be estimated by integrating the strain through the thickness. In gen-
eral, f(z) has no closed-form solution. In the present formulation,
f(z) is represented numerically as a tabular function.

)]
Vee(X,2) =

Static Simply Supported Beams

The present analysis pertains to simply supported beams under a
transverse load of the form

q(x) = qo sin(kx), =nn/L 3)

where k is the wave number and n is the number of % sine waves
along the length of the beam.

Whereas the shear correction f(z) changes fromiterationto itera-
tion, at any given iteration, f(z) is prescribed and can be treated as a
known function. Differential equations of equilibrium and boundary
conditions can be developed like any other SLM. The equilibrium
equations are

~Kulj + Kw"” — K3g" =0
—Koul + Kqw'™ — Ksg" = q(x) @
——K3u +K5w Kﬁg//+K7g =0

and the simply supported boundary conditions, specified at x = 0
and x = L, are given by

Klu() - sz/, -+ K3g/ =0

K3u6 — Ksw' + Kegg' =0

(5)
w=0
—Kouy + Kqw" — Ksg' =0
The terms K7 are section stiffness parameters given by
by i
Ki23456 = b/ E@IL, z, f(2), 2%, 2f (2), f*(2)]1dz
" ©6)

K7=b/ G()[af(Z)] dz
hy Z

In the present formulation, the integrals are evaluated numerically
using a trapezoidal method.

Functions that satisfy the differential equations and boundary
conditions are

ug(x) = Uy cos(kx), w(x) = Wy sin(kx)
@]

g(x) = Gy cos(kx)



